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Structural stability of the transonic shock problem in a
divergent three-dimensional axi-symmetric perturbed nozzle
Shangkun Weng∗ Chunjing Xie† Zhouping Xin‡
Abstract
In this paper, we investigate the structural stability of the transonic shock problem in an ax-
isymmetric perturbed nozzle. The axisymmetric perturbation of supersonic incoming flow includ-
ing the swirl velocity is also considered. We obtain the existence and uniqueness of the piecewise
smooth transonic shock solution in a general 3D axisymmetric De Laval nozzle. Due to the sin-
gularity on the axis, a key issue is to find an invertible Lagrange transformation to straighten the
stream line.
Mathematics Subject Classifications 2010: Primary 35L65; Secondary 35L67, 76N15.
Key words: Steady Euler system, transonic shock, Lagrange transformation, structural sta-
bility.
1 Introduction and main results
The three-dimensional steady full Euler system reads as

div (ρu) = 0,
div (ρu ⊗ u + PIn) = 0,
div (ρ(1
2
|u|2 + e)u + Pu) = 0,
(1.1)
where u = (u1, u2, u3), ρ, P, e and S stand for the velocity, density, pressure, internal energy and
specific entropy, respectively. Here we only consider the polytropic gas so the equation of state is P =
Aργe
S
cv and the internal energy is e = P
(γ−1)ρ . Denote the local sound speed by c(ρ, S ) =
√
∂ρP(ρ, S ).
In the analysis of steady Euler system, the Mach number which is defined to be M =
|u|
c(ρ,S ) plays
an important role. The system (1.1) is hyperbolic for supersonic flows (i.e. M > 1) and elliptic-
hyperbolic coupled for subsonic flows (i.e. M < 1) and degenerate at sonic (i.e. M = 1). The
transonic shock problem is a basic flow pattern in gas dynamics that have been studied extensively by
many authors in various situations (see [1, 3, 4, 5, 6, 7, 8, 9, 11, 20, 15, 16, 17, 22, 23, 24, 26, 27] and
the reference therein).
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In this paper, we are interested in the basic transonic shock pattern in a De Laval nozzle described
by Courant and Friedrichs [10, Page 386]: given appropriately large receiver pressure Pe, if the
upstream flow is still supersonic behind the throat of the nozzle, then at a certain place in the diverging
part of the nozzle a shock front intervenes and the gas is compressed and slowed down to subsonic
speed. The position and the strength of the shock front are automatically adjusted so that the end
pressure at the exit becomes Pe. The three-dimensional De Laval nozzle we will consider is axi-
symmetric with respect to the x1-axis and consists of the converging and diverging parts. The nozzle
walls Γ is C2,α-regular for 0 < r1 − 5 < r =
√
x2
1
+ x2
2
+ x2
3
< r2 and Γ consists of two parts Γ
1 and
Γ2 with Γ1 being the wall for the converging part of the nozzle, while Γ2 being the divergent part of a
perturbed conic section. More precisely, Γ2 can be represented by√
x2
2
+ x2
3
= x1 tan(θ0 + ǫ f (r)), x1 > 0, r1 < r < r2 (1.2)
and θ0 ∈ (0, π2 ) and f is a smooth C2,α function defined on [r1, r2]. It is now well-known that if we
prescribe the spherically symmetric supersonic flow u−(x) = U−
b
(r1)er, P
−
b
(x) = P−
b
(r1) > 0, S
−
b
(x) =
S−
b
at r = r1, where U
−
b
(r1) > c(ρb(r1), S
−
b
) > 0 and S −
b
is a constant, there exists two positive
constants P1 and P2 which depends only on the incoming supersonic flows and the nozzle, such that
if the pressure Pe ∈ (P1, P2) is pose at the exit r = r2, there exists a unique piecewise smooth spherical
symmetric transonic shock solution
(u−b , P
−
b , S
−
b )(x) = (U
−
b (r)er, P
−
b (r), S
−
b ), (u
+
b , P
+
b , S
+
b )(x) = (U
+
b (r)er, P
+
b (r), S
+
b ) (1.3)
to (1.1) defined in the following domain respectively
Ω−un = {x ∈ R3 : x22 + x23 ≤ x21 tan2 θ0, r ∈ (r1, rb)}, Ω−un = {x ∈ R3 : x22 + x23 ≤ x21 tan2 θ0, r ∈ (r1, rb)}
with a shock front located at r = rb ∈ (r1, r2). Across the shock, the Rankine-Hugoniot conditions
and the physical entropy condition are satisfied:
[ρUb] = 0, [ρbU
2
b + Pb] = 0, S
+
b > S
−
b ,
where [ f ] denotes the jump of f at r = rb. We call this special solution to be the background
solution, and in this paper the subscript “b” will represent the background solution. One can refer to
[10, Section 147] or [28, Theorem 1.1] for more details of this spherical symmetric transonic shock
solution. Here we will investigate the structural stability of this spherical symmetric transonic shock
solution under axially symmetric perturbations of the supersonic incoming flow and the nozzle walls.
Since we only investigate the flows in the divergent part of the nozzle, we introduce the spherical
coordinate
x1 = r cos θ, x2 = r sin θ cos ϕ, x3 = r sin θ sin ϕ. (1.4)
and decompose the velocity u = U1er + U2eθ + U3eϕ, where
er = (cos θ, sin θ cos ϕ, sin θ sin ϕ)
t, eθ = (− sin θ, cos θ cos ϕ, cos θ sin ϕ)t, eϕ = (0,− sin ϕ, cos ϕ)t.
That is, 
U1 = u1 cos θ + u2 sin θ cos ϕ + u3 sin θ sin ϕ,
U2 = −u1 sin θ + u2 cos θ cos ϕ + u3 cos θ sin ϕ,
U3 = −u2 sin ϕ + u3 cos ϕ,
2
then the Euler system can be rewritten as

∂r(ρU1) +
1
r
∂θ(ρU2) +
1
r sin θ∂ϕ(ρU3) +
2
r
ρU1 +
1
r
ρU2 cot θ = 0,
ρU1∂rU1 +
1
r
ρU2∂θU1 +
1
r sin θρU3∂ϕU1 + ∂rP −
ρ(U2
2
+U2
3
)
r
= 0,
ρU1∂rU2 +
1
r
ρU2∂θU2 +
1
r sin θρU3∂ϕU2 +
1
r
∂θP +
ρU1U2
r
− ρU
2
3
r
cot θ = 0,
ρU1∂rU3 +
1
r
ρU2∂θU3 +
1
r sin θρU3∂ϕU3 +
1
r sin θ∂ϕP +
ρU1U3
r
+
ρU2U3
r
cot θ = 0,
ρU1∂rS +
1
r
ρU2∂θS +
1
r sin θρU3∂ϕS = 0.
(1.5)
The perturbed nozzle is Ω = {(r, θ, ϕ) : r1 < r < r2, 0 ≤ θ ≤ θ0 + ǫ f (r), ϕ ∈ [0, 2π]}, where
f ∈ C2,α([r1, r2]) satisfying
f (r1) = f
′(r1) = 0. (1.6)
Suppose the supersonic incoming flow at the inlet r = r1 is given by
Φ
−
en = (U
−
1 ,U
−
2 ,U
−
3 , P
−, S −) = Φ−b + ǫΨ(θ), (1.7)
where
Ψ(θ) = (U−1,p,U
−
2,p,U
−
3,p, P
−
p , S
−
p)(θ) ∈ (C2,α([0, θ0]))5 (1.8)
and satisfying the following compatibility conditions:

U−
2,p(0) = U
−
3,p(0) =
d2
dθ2
U−
2,p(0) =
d
dθP
−
p(0) =
d
dθU
−
3,p(0) = 0,
U−
2,p(θ0) = 0,
d
dθP
−
p(θ0) = (U
−
3,p(θ0))
2 cot θ0,
(1.9)
and Φ−
b
= (U−
b
(r), 0, 0, P−
b
(r), S −
b
). Since the supersonic flow is purely hyperbolic, by the character-
istic method and Picard iteration (see [14]), for small ǫ > 0, there exists a unique C2,α(Ω) solution
(U−
1
,U−
2
,U−
3
, P−, S −)(r, θ) to (1.1) which does not depend on ϕ and satisfies the following properties
‖(U−1 ,U−2 ,U−3 , P−, S −) − (Uˆ−b , 0, 0, Pˆ−b , Sˆ −b )‖C2,α(Ω) ≤ C0ǫ, (1.10)
and
∂
∂θ (U
−
1
,U−
3
, P−, S −)(r, 0) = 0, ∂
2
∂θ2
U−
2
(r, 0) = 0, U−
2
(r, 0) = U−
3
(r, 0) = 0, r ∈ [r1, r2]. (1.11)
Here and in the following (Uˆ±
0
(r), Pˆ±
0
(r)) represents a natural extension of the supersonic and subsonic
background solution.
Denote the transonic shock surface by S and the upstream and downstream flows by x1 = η(x2, x3)
and (u±, P±, S ±)(x), respectively. Then the Rankine-Hugoniot conditions on S become

[(1,−∇x′η(x′)) · ρu] = 0,
[((1,−∇x′η(x′)) · ρu)u] + (1,−∇x′η(x′))t[P] = 0,
[(1,−∇x′η(x′)) · (ρ(e + 12 |u|2) + P)u] = 0,
(1.12)
where ∇x′ = (∂x2 , ∂x3). Moreover, the physical entropy condition is also satisfied
S +(x) > S −(x), on x1 = η(x2, x3). (1.13)
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In terms of (r, θ, ϕ), the shock surface can be represented as r = ξ(θ, ϕ) and the corresponding
Rankine-Hugoniot conditions become

[ρU1] − 1ξ(θ,ϕ)∂θξ[ρU2] − 1ξ(θ,ϕ) sin θ∂ϕξ[ρU3] = 0,
[ρU2
1
+ P] − 1ξ(θ,ϕ)∂θξ[ρU1U2] − 1ξ(θ,ϕ) sin θ∂ϕξ[ρU1U3] = 0,
[ρU1U2] − 1ξ(θ,ϕ)∂θξ[ρU22 + P] − 1ξ(θ,ϕ) sin θ∂ϕξ[ρU2U3] = 0,
[ρU1U3] − 1ξ(θ,ϕ)∂θξ[ρU2U3] − 1ξ(θ,ϕ) sin θ∂ϕξ[ρU23 + P] = 0,
[e + 1
2
|U |2 + Pρ ] = 0.
(1.14)
On the nozzle wall Γw, the slip boundary condition should be satisfied
x1 tan
2(θ0 + ǫ f (r))u1 − x2u2 − x3u3 + x21 tan(θ0 + ǫ f (r))
ǫ f ′(r)
cos2(θ0 + ǫ f (r))
x · u
r
= 0. (1.15)
Rewrite the slip condition (1.15) in the spherical coordinate, we get
U2 = ǫr f
′(r)U1 on θ = θ0 + ǫ f (r), r1 ≤ r ≤ r2. (1.16)
At the exit of the nozzle, the end pressure is prescribed by
P+(x) = Pe + ǫP0(θ) on r = r2, (1.17)
here ǫ > 0 is sufficiently small, and P0 ∈ C1,α([0, 2θ0]).
On the axis θ = 0, the following compatibility conditions hold
U2(r, 0) = U3(r, 0) = 0, ∀r ∈ [r1, r2], (1.18)
since the flow is smooth near the axis.
Since our perturbations of supersonic incoming flows, nozzle wall and the exit pressure are inde-
pendent of ϕ, we expect to find a transonic shock solution (U, P, S ) and ξ which are independent of
ϕ, hence the axisymmetric Euler equations (1.5) reduce to

∂r(ρU1) +
1
r
∂θ(ρU2) +
2
r
ρU1 +
1
r
ρU2 cot θ = 0,
ρU1∂rU1 +
1
r
ρU2∂θU1 + ∂rP − ρ(U
2
2
+U2
3
)
r
= 0,
ρU1∂rU2 +
1
r
ρU2∂θU2 +
1
r
∂θP +
ρU1U2
r
− ρU
2
3
r
cot θ = 0,
ρU1∂rU3 +
1
r
ρU2∂θU3 +
ρU1U3
r
+
ρU2U3
r
cot θ = 0,
ρU1∂rS +
1
r
ρU2∂θS = 0,
(1.19)
i.e.

∂r(r
2ρU1 sin θ) + ∂θ(rρU2 sin θ) = 0,
ρU1∂rU1 +
1
r
ρU2∂θU1 + ∂rP − ρ(U
2
2
+U2
3
)
r
= 0,
ρU1∂rU2 +
1
r
ρU2∂θU2 +
1
r
∂θP +
ρU1U2
r
− ρU
2
3
r
cot θ = 0,
ρU1∂r(rU3 sin θ) +
1
r
ρU2∂θ(rU3 sin θ) = 0,
ρU1∂rS +
1
r
ρU2∂θS = 0.
(1.20)
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The corresponding Rankine-Hugoniot condition on the shock surface ξ = ξ(θ) can be rewritten as
[ρU1] − ξ
′(θ)
ξ(θ) [ρU2] = 0,
[ρU2
1
+ P] − ξ′(θ)ξ(θ) [ρU1U2] = 0,
[ρU1U2] − ξ
′(θ)
ξ(θ) [ρU
2
2
+ P] = 0,
[ρU1U3] − ξ
′(θ)
ξ(θ) [ρU2U3] = 0,
[e + 1
2
|U |2 + Pρ ] = 0.
(1.21)
Before we state the main result, some weighted Ho¨lder norms are first introduced: For any
bounded domain Ω ⊂ Rn and Γ ⊂ ∂Ω, set
δx := dist(x, Γ), and δx,x˜ := min(δx, δx˜).
For any positive integer m, α ∈ (0, 1) and σ ∈ R, define weighted Ho¨lder norms by
[u]
(σ;Γ)
k,0;Ω
:=
∑
|β|=k
sup
x∈Ω
δ
max(|β|+σ,0)
x |Dβu(x)|, k = 0, 1, · · · ,m,
[u]
(σ;Γ)
m,α;Ω
:=
∑
|β|=m
sup
x,x˜∈Ω,x,x˜
δmax(m+α+σ,0)
x,x˜
|Dβu(x) − Dβu(x˜)|
|x − x˜|α ,
‖u‖(σ;Γ)
m,α;Ω
:=
m∑
k=0
[u]
(σ;Γ)
k,0;Ω
+ [u]
(σ;Γ)
m,α;Ω
.
C
(σ;Γ)
m,α;Ω
denotes the space of all smooth functions whose ‖ · ‖(σ;Γ)
m,α;Ω
norms are finite. One can refer to
[12, 13, 21] for the good properties of this weighted Ho¨lder space.
Let us denote the domains by
R := {(r, θ) : r1 ≤ r ≤ r2, 0 ≤ θ ≤ θ0 + ǫ f (r)},
R− := {(r, θ) : r1 ≤ r ≤ ξ(θ), 0 ≤ θ ≤ θ0 + ǫ f (r)},
R+ := {(r, θ) : ξ(θ) ≤ r ≤ r2, 0 ≤ θ ≤ θ0 + ǫ f (r)}.
Theorem 1.1. Given the supersonic incoming flow Φ−en and the boundary conditions (1.16), (1.17)
and (1.18) satisfying the compatibility conditions (1.6) and (1.9), there exists a small ǫ0 > 0 depending
only on the background solution and boundary data Ψ, f , P0 such that if 0 ≤ ǫ < ǫ0, the problem
(1.20) with (1.7), (1.21), (1.16), (1.17) and (1.18) has a unique solution (U+
1
,U+
2
,U+
3
, P+, S +)(r, θ)
and ξ(θ) satisfying the following properties:
(i) ξ(θ) ∈ C(−1−α;{θ∗})
3,α;(0,θ∗)
and
‖ξ(θ) − rb‖(−1−α;{θ∗})3,α;(0,θ∗) ≤ C0ǫ, (1.22)
where (r∗, θ∗) stands for the intersection circle of the shock surface with the nozzle wall and C0
is a positive constant depending only on the supersonic incoming flow.
(ii) (U+
1
,U+
2
,U+
3
, P+, S +)(r, θ) ∈ C(−α;Γw,s)
2,α;R+
, and
‖(U+1 ,U+2 ,U+3 , P+, S +)(r, θ) − (Uˆ+b (r), 0, 0, Pˆ+b (r), Sˆ +b )‖
(−α;Γw,s)
2,α;R+
≤ C0ǫ, (1.23)
where
Γw,s = {(r, θ) : ξ(θ) ≤ r ≤ r2, θ = θ0 + ǫ f (r)}.
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Remark 1.2. We can perturb the nozzle in a more general way. Suppose the nozzle wall Γ2 has a
representation
√
x2
2
+ x2
3
= x1 tan(θ0 + ǫ f (x1,
√
x2
2
+ x2
3
)), x1 > 0, r1 < r < r2, (1.24)
where f (y1, y2) is a smooth C
2,α function defined on [1
2
r1 cos θ0,
3
2
r2 cos θ0] × [12 r1 sin θ0, 32r2 sin θ0].
In terms of the spherical coordinate, the wall Γ2 can be represented as θ = θ0 + ǫ f (r cos θ, r sin θ).
The slip boundary condition reduces to be
U2 = ǫr
∂ f
∂y1
(r cos θ, r sin θ) cos θ +
∂ f
∂y2
(r cos θ, r sin θ) sin θ
1 + ǫr ∂ f∂y1 (r cos θ, r sin θ) sin θ − ǫr
∂ f
∂y2
(r cos θ, r sin θ) cos θ
U1. (1.25)
The treatment of (1.24) and (1.25) are very similar to the case (1.2) and (1.16), we omit the details.
There have been many interesting and influential works on transonic shock problems in a vari-
able duct or a divergent nozzle with different kinds of exit boundary conditions. The existence and
uniqueness of piecewise smooth transonic shock solutions were obtained in [5, 6], [7, 8, 9] and
[25, 26, 27, 28] in infinitely long nozzles, in a flat nozzle with general section or in a slowly varying
nozzle with different exit boundary conditions under the assumption that the shock front should pass
through a fixed point in advance. However as shown in [25, 28], the transonic shock problem de-
scribed in [10] is ill-posed if one requires the shock front going through a fixed point. This artificial
assumption was removed in [19] and obtained and the well-posedness of the transonic shock problem
was established in a general class of 2D De Laval nozzle. The key ideas therein is to introduce the
Lagrange transformation to flatten the trajectory and reduce the Euler system with the shock equation
to a second order elliptic equation with a nonlocal term (recording the shock information transported
by the hyperbolic quantities) and an unknown parameter (denoting the shock position on the nozzle
wall) and an ODE for the shock front. In [18], they also investigated the existence and stability of a
3D axisymmetric transonic shock flow without swirl in a conic nozzle by perturbing the exit pressure
suitably. Here we are concerned about the structural stability of the transonic shock problem under
the perturbation of nozzle wall and supersonic incoming flows. We should remark that the existence
and stability of the transonic shock problem in a general three-dimensional De Laval nozzle is still
unavailable.
We make some comments on the new ingredients of the analysis in this paper. As is well-known,
the supersonic flow is fully determined in the whole nozzle by prescribing the entrance conditions
and slip condition on the wall, the transonic shock problem is reduced to a free boundary problem in
subsonic region where the unknown shock surface is a part of the boundary and should be determined
with the subsonic flow simultaneously. By Remark 3.2 and Lemma 3.3 in [25], the optimal boundary
regularity for subsonic flow is Cα for α ∈ (0, 1), hence the trajectory may not be uniquely determined.
A well-known strategy to overcome this difficulty is to introduce the Lagrange transformation to
straighten the trajectory. However there is a singular term sin θ in the density equation (see (1.20)),
which makes the standard Lagrange transformation (like the one used in [19]) is not invertible near
the axis θ = 0. Fortunately the singular term sin θ is of order O(θ), we still can find a simple invertible
Lagrange transformation to straighten the streamline. This is one of the key observation in this paper.
Although the density equation still preserves the conservation form and a potential function as in [19]
can be introduced, we can not represent all the quantities as functions of potential function and entropy
because the function θ becomes a nonlocal and nonlinear term in the Lagrangian coordinate. Here we
resort to the first order elliptic system satisfied by the flow angle and pressure and look for the solution
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in the function space C
(−α;Γw,s)
2,α;R+
(not the space C
(−α;Γw,s)
1,α;R+
used in [19]). The axisymmetric Euler system
with the shock front equation can be decomposed as a boundary value problem for a first order elliptic
system with a nonlocal term and a singular term together with some algebraic equations. Compared
with the elliptic system derived in [18], our linearized elliptic system for the angular velocity and
pressure has infinitely smooth coefficients near the axis, which makes the treatment of the artificial
singularity near the axis much easier than the one in [18]. This benefit essentially comes from our
new Lagrange transformation. One may refer to Proposition 3.1 for more details. Here we also allow
the nonzero small perturbation of the swirl component of the velocity (i.e. U3), note that on the axis
U3(r, 0) = ∂θU3(r, 0) = 0, the singular term
U2
3
cot θ
r
does not case any essential difficulty. We remark
that subsonic flows with nonzero swirl is studied for a different model in [2].
The structure of this paper will be organized as follows. In Section 2, we will reformulate the tran-
sonic shock problem by introducing a new invertible Lagrange transformation. Then Euler equations
are decomposed as an elliptic system of the flow angle and the pressure and also transport equations
for the entropy, the swirl of the velocity and the Bernoulli’s function. An iteration scheme was devel-
oped in Section 3 to prove the existence and uniqueness of the transonic shock problem. In the last
section, an improved regularity of the shock front and subsonic solutions is obtained if we perturb the
supersonic incoming flows in a suitable way.
2 The reformulation of the transonic shock problem
By Remark 3.2 in [25], we can only expect the Cα boundary regularity for the solution in subsonic
region, to avoid the difficulty in uniquely defining the trajectory, we need to introduce a Lagrange
transformation to flatten the streamline. Note that there is a singular factor sin θ in the density equa-
tion of (1.20), the standard Lagragian coordinate used in [19] is not invertible near the axis θ = 0.
Observing that sin θ is of order O(θ) near θ = 0, there indeed exists a simple invertible new Lagrangian
coordinate which straightens the streamline. Define (y˜1, y˜2) = (r, y˜2(r, θ)) such that
∂y˜2
∂r = −rρ−U−2 sin θ,
∂y˜2
∂θ = r
2ρ−U−
1
sin θ, if (r, θ) ∈ R−,
∂y˜2
∂r = −rρ+U+2 sin θ,
∂y˜2
∂θ = r
2ρ+U+
1
sin θ, if (r, θ) ∈ R+,
y˜2(r1, 0) = 0, y˜2(r2, 0) = 0.
(2.1)
It is clear that y˜2 ≥ 0 in R− ∪ R+.
On the nozzle walls θ = 0 and θ = θ0 + ǫ f (r) for ∀r ∈ [r1, r2], one can derive that
d
dr
y˜2(r, 0) =
∂y˜2
∂r
(r, 0) = 0,
d
dr
y˜2(r, θ0 + ǫ f (r)) =
∂y˜2
∂r
(r, θ0 + ǫ f (r)) + ǫ
∂y˜2
∂θ
(r, θ0 + ǫ f (r)) f
′(r)
= −r(ρ±U±2 sin θ)(r, θ0 + ǫ f (r)) + ǫr2(ρ±U±1 sin θ)(r, θ0 + ǫ f (r)) f ′(r) = 0.
Hence we can assume
y˜2(r, 0) = 0, ∀r ∈ [r1, r2]
and
y˜2(r, θ0 + ǫ f (r)) = M
2, ∀r ∈ [r1, r∗],
y˜2(r, θ0 + ǫ f (r)) = M
2
1, ∀r ∈ [r∗, r2],
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where M and M1 are two positive constants to be determined, and (r∗, θ0 + ǫ f (r∗)) is the intersection
point of the shock front (ξ(θ), θ) with the upper wall. We will verify that y˜2(r, θ) is well-defined in R¯
and belongs to Lip(R¯). By using the first equation in the R-H conditions, we can see that across the
shock,
d
dθ
y˜2(ξ(θ)±, θ) =
∂y˜2
∂r
(ξ(θ) ± 0, θ)ξ′(θ) + ∂y˜2
∂θ
(ξ(θ) ± 0, θ)
= −ξ(θ)(ρ±U±2 sin θ)(ξ(θ) ± 0, θ)ξ′(θ) + ξ2(θ)(ρ±U±1 sin θ)(ξ(θ) ± 0, θ),
hence
∂y˜2(ξ(θ) + 0, θ)
∂θ
=
∂y˜2(ξ(θ) − 0, θ)
∂θ
,
which implies that M1 = M. Setting
y1 = y˜1 = r, y2 = y˜
1
2
2
(r, θ),
then under this transformation, the domains R,R−,R+ are changed into D = (r1, r2) × (0,M) and
D− = {(y1, y2) : r1 < y1 < ψ(y2), y2 ∈ (0,M)}, (2.2)
D+ = {(y1, y2) : ψ(y2) < y1 < r2, y2 ∈ (0,M)},
where
M2 = r21
∫ θ0
0
(ρ−U−1 )(r1, θ) sin θdθ > 0.
Note that if (ρ±,U±
1
,U±
2
) are close to the background solution (ρ±
b
,U±
b
, 0), then there exists two posi-
tive constants C1,C2 which depends only on the background solution such that
C1θ
2 ≤ y˜2(r, θ) = r2
∫ θ
0
(ρ±U±1 )(r, τ) sin τdτ ≤ C2θ2.
Hence
√
C1θ ≤ y2(r, θ) ≤
√
C2θ and the Jacobian of the transformation L : (r, θ) ∈ R¯ 7→ (y1, y2) =
(r, y2(r, θ)) ∈ D¯
det

∂y1
∂r
∂y1
∂θ
∂y2
∂r
∂y2
∂θ
 = det
 1 0− rρU2 sin θ
2y2
r2ρU1 sin θ
2y2
 = r
2ρU1 sin θ
2y2
≥ C3 > 0, (2.3)
where C3 is a constant depending only on the background solution. Hence the inverse transformation
L−1 : (y1, y2) 7→ (r, θ) exists and we have

∂r
∂y1
∂r
∂y2
∂θ
∂y1
∂θ
∂y2
 =

1 0
U±
2
y1U
±
1
2y2
y2
1
ρ±U±
1
sin θ
 . (2.4)
To simplify the notation, we will neglect the superscript “+”. It should be emphasized that under the
Larangian coordinate, θ as a function of (y1, y2) becomes nonlinear and nonlocal. Indeed we have
∂θ
∂y1
=
U2
y1U1
,
∂θ
∂y2
=
2y2
y2
1
ρU1 sin θ
, θ(y1, 0) = 0. (2.5)
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Thus we derive
θ(y1, y2) = arccos
(
1 −
∫ y2
0
2s
y2
1
(ρU1)(y1, s)
ds
)
. (2.6)
If (ρ±
b
,U±
b
) is the background solution, by the Lagrange transformation, we have
∂θb
∂y2
=
2y2
y2
1
(ρbUb)(y1) sin θ
=
2κby2
sin θb
,
where κb =
1
y2
1
(ρbUb)(y1)
is a positive constant for any y1 ∈ [rb, r2]. Thus
θb(y2) = arccos(1 − κby22). (2.7)
Under this transformation (2.1), (1.19) becomes
∂y1
(
2y2
y2
1
ρU1 sin θ
)
− ∂y2
(
U2
y1U1
)
= 0,
ρU1∂y1U1 + ∂y1P − y1ρU2 sin θ2y2 ∂y2P −
ρ(U2
2
+U2
3
)
y1
= 0,
ρU1∂y1U2 +
y1ρU1 sin θ
2y2
∂y2P +
ρU1U2
y1
− ρU
2
3
y1
cot θ = 0,
ρU1∂y1(y1U3 sin θ) = 0,
∂y1B = 0.
(2.8)
That is 
∂y1
(
2y2
y2
1
ρU1 sin θ
)
− ∂y2
(
U2
y1U1
)
= 0,
∂y1(U1 +
P
ρU1
) − y1 sin θ
2y2
∂y2(
PU2
U1
) − 2P
y1ρU1
− PU2 cos θ
y1ρU
2
1
sin θ
− (U
2
2
+U2
3
)
y1U1
= 0,
∂y1(y1U2) +
y2
1
sin θ
2y2
∂y2P −
U2
3
U1
cot θ = 0,
∂y1(y1U3 sin θ) = 0,
∂y1B = 0.
(2.9)
The nozzle wall Γw,s is straighten to be Γw,y = (φ(M), r2) × {M}. Suppose the shock front S and the
flows before and behind S are denoted by y1 = ψ(y2) and (U±1 ,U±2 ,U±3 , P±, S ±)(y) respectively. Then
the Rankine-Hugoniot conditions on S become

2y2
ψ(y2) sin θ
[ 1ρU1
] + ψ′(y2)[
U2
U1
] = 0,
[U1 +
P
ρU1
] + ψ′(y2)
ψ(y2) sin θ
2y2
[PU2
U1
] = 0,
[U2] − ψ′(y2)ψ(y2) sin θ2y2 [P] = 0,
[U3] = 0,
[B] = 0.
(2.10)
By (2.8), we deduce that
∂y1S = 0. (2.11)
Although we can introduce a potential function as in [19], there is a singular factor tan θ in (2.9),
which is a nonlinear and nonlocal term, the method developed in [19] can not be adapted to our case.
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To avoid this difficulty, we will first deduce the elliptic system satisfied by the pressure and flow angle.
Put ̟ = U2
U1
, then by using the first density equation, one can rewrite the second and third equations
in (2.8) as
∂y1̟ − y1ρU1̟ sin θ2y2 ∂y2̟ −
̟
y1
− ̟2
y1
cot θ +
y1 sin θ
2y2U1
∂y2P − ̟ρc2(ρ,S )∂y1P −
U2
3
y1U
2
1
cot θ = 0,
∂y1P −
ρc2(ρ,S )U2
1
y1(c2(ρ,S )−U21)
(
y2
1
ρU1 sin θ
2y2
∂y2̟ +̟ cot θ) − y1ρc
2(ρ,S )U1̟ sin θ
2y2(c2(ρ,S )−U21 )
∂y2P
− ρc
2(ρ,S )U2
1
y1(c2(ρ,S )−U21)
(̟2 + 2) − ρc
2(ρ,S )U2
3
y1(c2(ρ,S )−U21)
= 0.
(2.12)
It follows from (1.16), (1.17) and (1.18) that the corresponding boundary conditions become
̟(y1, 0) = 0, ∀y1 ∈ [r1, r2],
̟(y1,M) = ǫy1 f
′(y1), ∀y1 ∈ [r1, r2],
P(r2, y2) = Pe + ǫP0(θ(r2, y2)), ∀y2 ∈ [0,M].
(2.13)
By the third equation in (2.10), we derive that
ψ′(y2) =
2y2[U2]
ψ(y2) sin θ(ψ(y2), y2)[P]
=
2y2
sin θ(ψ(y2), y2)
U2(ψ(y2), y2) − U−2 (ψ(y2), y2)
ψ(y2)(P(ψ(y2), y2) − P−(ψ(y2), y2))
. (2.14)
Substituting (2.14) into the first two equations in (2.10) yields that
[ 1ρU1 ] +
[U2]
[P]
[
U2
U1
]
= 0,
[U1 +
P
ρU1
] + [U2]
[P]
[
PU2
U1
]
= 0,
[U3] = [B] = 0.
(2.15)
The simple calculations give
[ρU1] = ρU1ρ
−U−
1
[U2]
[P]
[
U2
U1
]
,
[ρU2
1
+ P] = −ρ−U−
1
[U2]
[P]
[
PU2
U1
]
+ (ρ(U1)
2 + P)ρ−U−
1
[U2]
[P]
[
U2
U1
]
,
[U3] = [B] = 0.
(2.16)
Since (ρ+
b
U+
b
)(rb) = (ρ
−
b
U−
b
)(rb), (ρ
+
b
(U+
b
)2 + P+
b
)(rb) = (ρ
−
b
(U−
b
)2 + P−
b
)(rb), we derive that
(ρU1)(ψ(y2), y2) − (ρ+bU+b )(rb) = (ρ−bU−b )(ψ(y2)) − (ρ−bU−b )(rb) (2.17)
+(ρ−U−1 )(ψ(y2), y2) − (ρ−bU−b )(ψ(y2)) + ρU1ρ−U−1
[U2]
[P]
[
U2
U1
]
,
(ρU21 + P)(ψ(y2), y2) − (ρ+b (U+b )2 + P+b )(rb) = (ρ−b (U−b )2 + P−b )(ψ(y2)) − (ρ−b (U−b )2 + P−b )(rb)
+(ρ−(U−1 )
2 + P−)(ψ(y2), y2) − (ρ−b (U−b )2 + P−b )(ψ(y2))
−ρ−U−1
[U2]
[P]
[
PU2
U1
]
+ (ρU21 + P)ρ
−U−1
[U2]
[P]
[
U2
U1
]
,
U3(ψ(y2), y2) = U
−
3 (ψ(y2), y2),
B(ψ(y2), y2) = B
−(ψ(y2), y2).
It follows from the Bernoulli’s law that one can represent U1 as
U1 =
√√
2B − U2
3
− 2A
1
γ γ
γ−1 P
γ−1
γ e
S
γcv
1 +̟2
,
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hence we can regard ρU1 and ρU
2
1
+ P as smooth functions of P, S , B and U3, ̟. Then by Taylor’s
expansion, we derive that

a11(P(ψ(y2), y2) − P+b (rb)) + a12(S (ψ(y2), y2) − S +b ) +
ρ+
b
(rb)
U+
b
(rb)
(B(ψ(y2), y2) − B+b )
= − 2(ρ
−
b
U−
b
)(rb)
rb
(ψ(y2) − rb) + R1(Φ(ψ(y2), y2) −Φ+b (rb), ψ(y2) − rb,Φ−(ψ(y2), y2) −Φ−b (ψ(y2))),
a21(P(ψ(y2), y2) − P+b (rb)) + a22(S (ψ(y2), y2) − S +b ) + 2ρ+b (rb)(B(ψ(y2), y2) − B+b )
= − 2(ρ
−
b
(U−
b
)2)(rb)
rb
(ψ(y2) − rb) + R2(Φ(ψ(y2), y2) −Φ+b (rb), ψ(y2) − rb,Φ−(ψ(y2), y2) −Φ−b (ψ(y2))),
B(ψ(y2), y2) − B+b = B−(ψ(y2), y2) − B−b ,
where
a11 =
(U+
b
(rb))
2 − c2(ρ+
b
(rb), S
+
b
)
U+
b
(rb)c2(ρ
+
b
(rb), S
+
b
)
, a12 = −
(U+
b
(rb))
2 + 1γ−1c
2(ρ+
b
(rb), S
+
b
)
cvU
+
b
(rb)c2(ρ
+
b
(rb), S
+
b
)
P+b (rb),
a21 =
(U+
b
(rb))
2 − c2(ρ+
b
(rb), S
+
b
)
c2(ρ+
b
(rb), S
+
b
)
, a22 = −
(U+
b
(rb))
2 + 2γ−1c
2(ρ+
b
(rb), S
+
b
)
cvc2(ρ
+
b
(rb), S
+
b
)
P+b (rb)
and
Φ
± := (U±1 , ̟
±,U±3 , P
±, S ±), Φ±b := (U
±
b , 0, 0, P
±
b , S
±
b ),
|Ri| ≤ C(|Φ(ψ(y2), y2) −Φ+b (rb)|2 + |ψ(y2) − rb|2 + |Φ−(ψ(y2), y2) −Φ−b (ψ(y2))|), i = 1, 2.
Here and in the following, Ri, i = 1, 2 denote the error terms.
Hence we obtain the boundary conditions on the shock front:

(P(ψ(y2), y2) − P+b (rb)) = e1(ψ(y2) − rb) + R3,
(S (ψ(y2), y2) − S +b ) = e2(ψ(y2) − rb) + R4,
U3(ψ(y2), y2) = U
−
3
(ψ(y2), y2),
B(ψ(y2), y2) − B+b = B−(ψ(y2), y2) − B−b ,
(2.18)
where
e1 = 2
cv(ρ
−
b
U−
b
)(rb)c
2(ρ+
b
(rb), S
+
b
)
rb((U
+
b
(rb))2 − c2(ρ+b (rb), S +b ))
(
U−b (rb)
(
(U+b (rb))
2 +
1
γ − 1c
2(ρ+b (rb), S
+
b )
)
−U+b (rb)
(
(U+b (rb))
2 +
2
γ − 1c
2(ρ+b (rb), S
+
b )
))
,
e2 =
2(γ − 1)cv
rb
(ρ−
b
U−
b
)(rb)
P+
b
(rb)
(U−b (rb) − U+b (rb)) > 0.
To fix the shock front, we introduce the coordinate transformation
z1 =
y1 − ψ(y2)
r2 − ψ(y2)
N, z2 = y2, N = r2 − rb,
then
∂y1 =
N
r2 − ψ(z2)
∂z1 , ∂y2 =
z1 − N
r2 − ψ(z2)
ψ′(z2)∂z1 + ∂z2
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and
y1 =
r2 − ψ(z2)
N
z1 + ψ(z2).
Also the domain D+ and the wall Γw,y are changed into
E+ = (0,N) × (0,M), Γw,z = (0,N) × {M}.
Define
(ρ˜+b , U˜
+
b , P˜
+
b )(z1) = (ρ
+
b ,U
+
b , P
+
b )(rb + z1),
U˜i(z) = Ui
(
ψ(z2) +
r2 − ψ(z2)
N
z1, z2
)
, i = 1, 2, 3,
(ρ˜, P˜, S˜ , ˜̟ , B˜, θ˜)(z) = (ρ, P, S , ̟, B, θ)
(
ψ(z2) +
r2 − ψ(z2)
N
z1, z2
)
.
Setting
W1(z) = U˜1(z) − U˜+0 (z1), W2(z) = ˜̟ (z), W3(z) = U˜3(z),
W4(z) = P˜(z) − P˜+b (z1), W5(z) = S˜ (z) − S +b , W6(z2) = ψ(z2) − rb.
After this coordinate transformation, the equation (2.14) becomes
ψ′(z2) =
2z2
sin θ(0, z2)
(U˜+
b
(0) +W1(0, z2))W2(0, z2) − U−2 (rb +W6(z2), z2)
(rb +W6(z2))((P˜
+
b
(0) +W4(0, z2)) − P−(rb +W6(z2), z2))
. (2.19)
It is easy to derive that
∂z1W5 = 0, ∂z1 B˜ = 0, ∀z ∈ [0,N] × [0,M). (2.20)
Together with the last two conditions in (2.18), we can conclude that
W5(z) = W5(0, z2) = e2W6(z2) + R4(Φ(rb +W6(z2), z2) −Φ+b (rb),W6(z2), (2.21)
Φ
−(rb +W6(z2), z2) −Φ−b (rb +W6(z2))),
B(z) − B+b = B(0, z2) − B+b = B−(rb +W6(z2), z2) − B−b . (2.22)
It follows from the fourth equation in (2.8) and (2.10) that one has

∂z1[(rb + z1 +
N−z1
N
W6(z2))W3 sin θ(z1, z2)] = 0,
W3(0, z2) = U
−
3
(r0 +W6(z2), z2).
(2.23)
This yields
W3(z) =
rb +W6(z2)
rb + z1 +
N−z1
N
W6(z2)
sin θ(0, z2)
sin θ(z1, z2)
U−3 (rb +W6(z2), z2). (2.24)
It remains to determine θ. Note that
U1(y1, y2) = (U˜
+
b +W1)(
y1 − rb −W6(y2)
N −W6(y2)
N, y2).
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Then it follows from (2.6) that
θ(z1, z2) = arccos
(
1 −
∫ z2
0
2sds
(rb + z1 +
N−z1
N
)2(ρU1)(rb + z1 +
N−z1
N
W6(z2), s)
ds
)
(2.25)
= arccos
(
1 −
∫ z2
0
2s
(rb + z1 +
N−z1
N
W6(z2))2{ρ(W4,W5)(U˜+0 +W1)}
(
z1+(1− z1N )W6(z2)−W6(s)
N−W6(s) N, s
)ds),
where ρ = ρ(W4,W5) = A
− 1γ (P˜+
b
+W4)
1
γ e
− S
+
b
+W5
γcv .
By the Bernoulli’s law and the Rankine-Hugoniot condition, we have
1
2
(U˜+b +W1)
2(1 +W22 ) +
1
2
W23 + h(P˜
+
b +W4, S
+
b +W5) = B
−(rb +W6(z2), z2). (2.26)
Since B−
b
= B+
b
= 1
2
(U˜+
b
)2 + h(P˜+
b
, S +
b
), we deduce that
W1 =
1
U˜+
b
{
B−(rb +W6(z2), z2) − B−b − [h(P˜+b +W4, S +b +W5) − h(P˜+b , S +b )]
}
(2.27)
− 1
2U˜+
b
[W21 + (U˜
+
b +W1)
2W22 +W
2
3 ].
Next we derive the equations for W2 and W4. It follows from (2.12) that
∂z1 ˜̟ − ˜̟N
r2−ψ(z2)ψ(z2)+z1
+
ψ(z2)+
r2−ψ(z2)
N
z1
U1
r2−ψ(z2)
N
sin θ(z)
2z2
∂z2 P˜ +
ψ(z2)+
r2−ψ(z2)
N
z1
U1
z1−N
N
ψ′(z2) sin θ2z2 ∂z1 P˜
−̟∂z1 P˜
γP˜
=
(
ψ(z2) +
r2−ψ(z2)
N
z1
)
(r2−ψ(z2))ρ˜U˜1 ˜̟
N
sin θ(z)
2z2
(
z1−N
r2−ψ(z2)ψ
′(z2)∂z1 ˜̟ + ∂z2 ˜̟
)
+ ˜̟
2 cot θ
N
r2−ψ(z2)ψ(z2)+z1
+
U˜2
3
[ Nr2−ψ(z2)ψ(z2)+z1]U˜
2
1
cot θ,
N
r2−ψ(z2)∂z1 P˜ −
γP˜U˜2
1
(c2(ρ˜,S˜ )−U˜2
1
)
1
ψ(z2)+
r2−ψ(z2)
N
z1
{(
ψ(z2) +
r2−ψ(z2)
N
z1
)2
ρ˜U˜1 sin θ(z)
2z2
×
(
z1−N
r2−ψ(z2)ψ
′(z2)∂z1 ˜̟ + ∂z2 ˜̟
)
+ ˜̟ cot θ
}
− 2γP˜U˜
2
1(
ψ(z2)+
r2−ψ(z2)
N
z1
)
(c2(ρ˜,S˜ )−U˜2
1
)
=
γP˜U˜1 ˜̟
[c2(ρ˜,S˜ )−U˜2
1
]
(
ψ(z2) +
r2−ψ(z2)
N
z1
)
sin θ(z)
2z2
(
z1−N
r2−ψ(z2)ψ
′(z2)∂z1 P˜ + ∂z2 P˜
)
+
γP˜(
ψ(z2)+
r2−ψ(z2)
N
z1
)
(c2(ρ˜,S˜ )−U˜2
1
)
(U˜2
1
˜̟ 2 + U˜2
3
).
(2.28)
Note that
d
dz1
P˜+b −
2γP˜+
b
(U˜+
b
)2
(rb + z1)(c2(ρ˜
+
b
, S +
b
) − (U˜+
b
)2)
= 0. (2.29)
A simple calculation yields that
− 2γP˜U˜
2
1(
ψ(z2) +
r2−ψ(z2)
N
z1
)
(c2(ρ˜, S˜ ) − U˜2
1
)
+
2γ
rb + z1
P˜+
b
(U˜+
b
)2
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
= e3(z1)(B˜(z) − B+b ) + e4(z1)W4 + e5(z1)W5 + e˜6(z1)W6(z2) + R5(W),
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where
e3(z1) =
4γP˜+
b
c2(ρ˜+
b
, S +
b
)
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
> 0,
e4(z1) =
2γ
(rb + z1)ρ˜
+
b
(c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2)
(ρ˜+b (U˜
+
b )
4 − P+b (U˜+b )2 + 2P˜+b c2(ρ˜+b , S +b )) > 0,
e5(z1) =
2γ(P˜+
b
)2((U˜+
b
)2 + 2γ−1c
2(ρ˜+
b
, S +
b
))
cv(rb + z1)ρ˜
+
b
(c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2)2
> 0,
e˜6(z1) =
2γ(N − z1)P˜+b (U˜+b )2
N(rb + z1)2(c2(ρ˜
+
b
, S +
b
) − (U˜+
b
)2)
,
and
R5(W(z)) = O(|W(z)|2).
Then we obtain
∂z1W2 −
c2(ρ˜+
b
,S +
b
)+(U˜+
b
)2
(rb+z1)(c2(ρ˜
+
b
,S +
b
)−(U˜+
b
)2)
W2 +
rb+z1
U˜+
b
sin θ∗(z2)
2z2
∂z2W4
+
rb+z1
U˜+
b
z1−N
N
d
dz1
P˜+
b
sin θ∗(z2)
2z2
W ′
6
(z2) = F1(W,∇W,Φ− −Φ−b ),
∂z1W4 −
γP˜+
b
(U˜+
b
)2
c2(ρ˜+
b
,S +
b
)−(U˜+
b
)2
1
κ∗(rb+z1)
sin θ∗(z2)
2z2
(
∂z2W2 +
2κ∗z2 cos θ∗(z2)
sin2 θ∗(z2)
W2
)
+e4(z1)W4(z) + e5(z1)W5(z) + e6(z1)W6(z2) = F2(W,∇W,Φ− −Φ−b ),
W4(0, z2) = e1W6(z2) + R5(W(0, z2),Φ
− −Φ−
b
),
W2(z1, 0) = 0, ∀z1 ∈ [0,N],
W2(z1,M) = ǫ(rb + z1 +
N−z1
N
W6(M)) f
′(rb + z1 +
N−z1
N
W6(M)), ∀z1 ∈ [0,N],
W4(N, z2) = ǫP0(θ(N, z2)), ∀z2 ∈ [0,M],
(2.30)
where
F1(W,∇W,Φ− −Φ−0 )
=
(
1
N
N−W6(z2) (rb +W6(z2)) + z1
− 1
rb + z1
)
W2 +
(∂z1(P˜+b +W4)
γ(P˜+
b
+W4)
− ∂z1 P˜
+
b
γP˜+
b
)
W2
−
(rb + z1 + N−z1N W6(z2)
U˜+
b
+W1
N −W6(z2)
N
sin θ(z)
2z2
− rb + z1
U˜+
b
sin θb(z2)
2z2
)
∂z2W4
−
(rb + z1 + N−z1N W6(z2)
U˜+
b
+W1
∂z1(P˜
+
b +W4)
sin θ(z)
2z2
− rb + z1
U˜+
b
∂z1 P˜
+
b
sin θb(z2)
2z2
)
z1 − N
N
W ′6(z2)
+
N −W6(z2)
N
(
rb + z1 +
N − z1
N
W6(z2)
)ρ(P˜+
b
+W4, S
+
b
+W5)(U˜
+
b
+W1)W2 sin θ(z)
2z2
×
(
∂z2 +
z1 − N
N −W6(z2)
W ′6(z2)∂z1
)
W2 +
W2
2
cot θ
N
N−W6(z2) (rb +W6(z2)) + z1
+
W2
3(
N
N−W6(z2) (rb +W6(z2)) + z1
)
(U˜+
b
+W1)2
cot θ,
14
F2(W,∇W,Φ− −Φ−b ) =
W6(z2)∂z1W4
N −W6(z2)
+
W2
6
(z2)
N(N −W6(z2))
d
dz1
P˜+b (z1)
+
γ(P˜+
b
+W4)(U˜
+
b
+W1)
2
1
c2(P˜+
b
+W4, S
+
b
+W5) − (U˜+b +W1)2
(
rb + z1 +
N − z1
N
W6(z2)
)
z1 − N
N −W6(z2)
× ρ˜(P˜
+
b
+W4, S
+
b
+W5)(U˜
+
b
+W1) sin θ(z)
2z2
W ′6(z2)∂z1W2
+
{γρ˜(P˜+
b
+W4, S
+
b
+W5)(P˜
+
b
+W4)(U˜
+
b
+W1)
3
c2(P˜+
b
+W4, S
+
b
+W5) − (U˜+b +W1)2
(
rb + z1 +
N − z1
N
W6(z2)
)
sin θ(z)
2z2
− γρ˜
+
b
P˜+
b
(U˜+
b
)3
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
(rb + z1) sin θb(z2)
2z2
}
∂z2W2
+
{ γ(P˜+
b
+W4)(U˜
+
b
+W1)
2
c2(P˜+
b
+W4, S
+
b
+W5) − (U˜+b +W1)2
cot θ
rb + z1 +
N−z1
N
W6(z2)
− γP˜
+
b
(U˜+
b
)2
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
cot(θb(z2))
rb + z1
}
W2
+
γ(P˜+
b
+W4)(U˜
+
b
+W1)W2
(c2(P˜+
b
+W4, S
+
b
+W5) − (U˜+b +W1)2)
(rb + z1 +
N − z1
N
W6(z2))
×sin θ(z)
2z2
(
z1 − N
N −W6(z2)
W ′6(z2)∂z1(P˜
+
b +W4) + ∂z2W4
)
+
γ(P˜+
b
+W4)
c2(P˜+
b
+W4, S
+
b
+W5)) − (U˜+b +W1)2
(U˜+
b
+W1)
2W2
2
+W2
3
rb + z1 +
N−z1
N
W6(z2)
−e3(z1)(B−(rb +W6(z2), z2) − B−b ) − R5(W),
and
e6(z1) = e˜6(z1) +
1
N
d
dz1
P˜+b (z1) =
2γr2P˜
+
b
(U˜+
b
)2
N(rb + z1)2(c2(ρ˜
+
b
, S +
b
) − (U˜+
b
)2)
.
By (2.7), we have
2κbz2 cos θb(z2)
sin2 θb(z2)
=
1 − κbz22
z2(1 − 12κbz22)
.
3 Iteration scheme and Proof of Theorem 1.1
We are now in a position to develop an iteration to prove Theorem 1.1. Define the solution class
Ξδ =
{
W : ‖W‖Ξδ :
5∑
i=1
‖Wi‖(−α;Γw,z)2,α;E+ + ‖W6‖
(−1−α;{M})
3,α;(0,M)
≤ δ; ∂z2W j(z1, 0) = 0, (3.1)
j = 1, 3, 4, 5;W2(z1, 0) = ∂
2
z2
W2(z1, 0) = W5(z1, 0) = 0;W
′
6(0) = W
(3)
6
(0) = 0
}
.
Given any Wˆ ∈ Ξδ, we will develop an iteration to produce a new W ∈ Ξδ so we get a mapping T
from Ξδ to itself by choosing suitable small δ. To design a good iteration, we first need to find the
explicit form of the leading linear order term, and all the W in the remaining nonlinear error terms
will be replaced by Wˆ and finally the error terms should be bounded by C(‖Wˆ‖2
Ξδ
+ ǫ).
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Firstly, we linearize the shock front. Using (2.19), we have
W ′6(z2) =
2z2
sin θ(0, z2)
(U˜b(0) +W1(0, z2))W2(0, z2) − U−2 (rb +W6(z2), z2)
(rb +W6(z2)){P˜+b (0) − P−b (rb) +W4(0, z2) − (P−(rb +W6(z2), z2) − P−b (rb))}
= a
2z2
sin θb(z2)
W2(0, z2) + R11(Wˆ(0, z2),Φ
−(rb + Wˆ6(z2), z2) −Φ−b (rb + Wˆ6(z2))), (3.2)
where
a =
U˜+
b
(0)
rb(P˜
+
b
(0) − P−
b
(rb))
,
R11(z) = R11(Wˆ(0, z2),Φ
−(rb + Wˆ6(z2), z2) −Φ−b (rb + Wˆ6(z2)))
=
2z2
sin θ(0, z2)
Wˆ1(0, z2)Wˆ2(0, z2) − U−2 (rb + Wˆ6(z2), z2)
(rb + Wˆ6(z2)){(P˜+b (0) − P−b (rb)) + Wˆ4(0, z2) − (P−(rb + Wˆ6(z2), z2) − P−b (rb))}
+
(
2z2
sin θ(0, z2)
U˜+
b
(0)
(rb + Wˆ6(z2)){(P˜+b (0) − P−b (rb)) + Wˆ4(0, z2) − (P−(rb + Wˆ6(z2), z2) − P−b (rb))}
− 2z2
sin θb(z2)
U˜+
b
(0)
rb(P˜
+
b
(0) − P−
b
(rb))
)
Wˆ2(0, z2).
Then we can resolve W6 by
W6(z2) = W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds + R12, (3.3)
where
R12(Wˆ,Φ
− −Φ−b ) = −
∫ M
z2
R11(Wˆ(0, s),Φ
−(rb + Wˆ6(s), s) −Φ−b (rb))ds.
We also note that for Wˆ ∈ Ξδ, R11(z1, 0) = ∂2z2R11(z1, 0) = 0 for any z1 ∈ [0,N].
Secondly, we resolves the entropy W5 and the swirl component W3. Since ∂z1W5 = 0, we have
W5(z) = W5(0, z2) = e2W6(z2) + R4(Wˆ,Φ
−(rb + Wˆ6(z2), z2) −Φ−b (rb + Wˆ6(z2))) (3.4)
= e2
(
W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
+ R13,
where
R13(Wˆ,Φ
− −Φ−b ) = e2R12 + R4(Wˆ,Φ− −Φ−b ). (3.5)
It is easy to verify that ∂z2R4(z1, 0) = 0 for Wˆ ∈ Ξδ.
It follows from (2.24) that
W3(z1, z2) =
rb + Wˆ6(z2)
rb + z1 +
N−z1
N
Wˆ6(z2)
sin θˆ(0, z2)
sin θˆ(z1, z2)
U−3 (rb + Wˆ6(z2), z2), (3.6)
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where
θˆ(z1, z2) = arccos
(
1 −
∫ z2
0
2s
(rb + z1 +
N−z1
N
Wˆ6(z2))2
{
ρ(Wˆ4, Wˆ5)(U˜
+
b
+ Wˆ1)
}(
z1+(1− z1N )Wˆ6(z2)−Wˆ6(s)
N−Wˆ6(s) N, s
)ds).(3.7)
We should remark that
z1+(1− z1N )Wˆ6(z2)−Wˆ6(s)
N−Wˆ6(s) N may exceed the interval [0,N], hence we should extend
the functions Wˆ to a wider domain [−N, 2N] × [0,M] by the standard way (see Lemma 6.37 in [13]):
Wˆe(z1, z2) =

∑3
k=1 ckWˆ(− z1k , z2), −N ≤ z1 < 0;∑3
k=1 ckWˆ(
2N−z1
k
, z2), N < z1 ≤ 2N,
(3.8)
where the constants ck, k = 1, 2, 3 satisfy the following algebraic equations
3∑
k=1
ck = 1, −
3∑
k=1
ck
k
= 1,
3∑
k=1
ck
k2
= 1. (3.9)
The extension (3.8) guarantees that Wˆe ∈ C2 as long as Wˆ ∈ C2. To simplify the notation, we still
denote these functions by Wˆ.
We turn to concern the angular velocity and the pressure W2 and W4. Substituting (3.2) and (3.4)
into (2.30) yields that W2 andW4 satisfy the following first order elliptic system with a nonlocal term
and an unknown constant:
∂z1W2 −
c2(ρ˜+
b
,S +
b
)+(U˜+
b
)2
(rb+z1)(c2(ρ˜
+
b
,S +
b
)−(U˜+
b
)2)
W2 +
rb+z1
U˜+
b
sin θb(z2)
2z2
∂z2W4 + a
rb+z1
U˜+
b
z1−N
N
d
dz1
P˜+
b
W2(0, z2)
= F3(Wˆ,∇Wˆ,Φ− −Φ−b ),
∂z1W4 −
γP˜+
b
(U˜+
b
)2
κb(rb+z1)(c2(ρ˜
+
b
,S +
b
)−(U˜+
b
)2)
sin θb(z2)
2z2
(
∂z2W2 +
2κbz2 cos θb(z2)
sin2 θb(z2)
W2
)
+ r4(z1)W4
+
(
e6(z1) + e2e5(z1)
)(
W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
= F4(Wˆ,∇Wˆ,Φ− −Φ−b ),
W4(0, z2) = e1
(
W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
+ e1R12 + R5(Wˆ(0, z2),Φ
− −Φ−
b
),
W2(z1, 0) = 0, ∀z1 ∈ [0,N],
W2(z1,M) = ǫ(rb + z1 +
N−z1
N
Wˆ6(M)) f
′(rb + z1 +
N−z1
N
Wˆ6(M)), ∀z1 ∈ [0,N],
W4(N, z2) = ǫP0(θˆ(N, z2)), ∀z2 ∈ [0,M],
(3.10)
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where
F3(Wˆ,∇Wˆ,Φ− −Φ−b ) = F1 −
rb + z1
U˜+
b
z1 − N
N
d
dz1
P˜+b
sin θb(z2)
2z2
R11
=
(
1
N
N−Wˆ6(z2) (rb + Wˆ6(z2)) + z1
− 1
rb + z1
)
Wˆ2 +
(∂z1(P˜+b + Wˆ4)
γ(P˜+
b
+ Wˆ4)
− ∂z1 P˜
+
b
γP˜+
b
)
Wˆ2
−
(rb + z1 + N−z1N Wˆ6(z2)
U˜+
b
+ Wˆ1
N − Wˆ6(z2)
N
sin θˆ(z)
2z2
− rb + z1
U˜+
b
sin θb(z2)
2z2
)
∂z2Wˆ4
−
(rb + z1 + N−z1N Wˆ6(z2)
U˜+
b
+ Wˆ1
∂z1(P˜
+
b + Wˆ4)
sin θˆ(z)
2z2
− rb + z1
U˜+
b
∂z1 P˜
+
b
sin θb(z2)
2z2
)
z1 − N
N
Wˆ ′6(z2)
+
N − Wˆ6(z2)
N
(
rb + z1 +
N − z1
N
Wˆ6(z1)
)
ρ(P˜+b + Wˆ4, S
+
b +W5)(U˜
+
b + Wˆ1)Wˆ2
sin θˆ(z)
2z2
×
(
∂z2 +
z1 − N
N − Wˆ6(z2)
Wˆ ′6(z2)∂z1
)
Wˆ2 +
Wˆ2
2
cot θˆ(z1, z2)
N
N−Wˆ6(z2) (r0 + Wˆ6(z2)) + z1
+
Wˆ2
3
cot θˆ(z1, z2)(
N
N−Wˆ6(z2) (rb + Wˆ6(z2)) + z1
)
(U˜+
b
+ Wˆ1)2
− rb + z1
U˜+
b
z1 − N
N
d
dz1
P˜+b
sin θb(z2)
2z2
R11(Wˆ,Φ
− −Φ−b ),
and
F4(Wˆ,∇Wˆ,Φ− −Φ−b )
= F2 − e3(z1)(B−(rb + Wˆ6(z2), z2) − B−b ) − R5(Wˆ) − e5(z1)R13 − e6(z1)R12
=
Wˆ6(z2)∂z1Wˆ4
N − Wˆ6(z2)
+
Wˆ2
6
(z2)
N(N − Wˆ6(z2))
d
dz1
P˜+b +
γ(P˜+
b
+ Wˆ4)(U˜
+
b
+ Wˆ1)
3
c2(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5) − (U˜+b + Wˆ1)2
×
(
rb + z1 +
N − z1
N
Wˆ6(z2)
)
z1 − N
N − Wˆ6(z2)
ρ(P˜+b + Wˆ4, S
+
b + Wˆ5)Wˆ
′
6(z2)
sin θˆ(z)
2z2
∂z1Wˆ2
+
{γρ(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5)(P˜
+
b
+ Wˆ4)(U˜
+
b
+ Wˆ1)
3
c2(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5) − (U˜+b + Wˆ1)2
(rb + z1 +
N − z1
N
Wˆ6(z2))
sin θ(z)
2z2
− γρ˜
+
b
P˜+
b
(U˜+
b
)3
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
(rb + z1) sin θb(z2)
2z2
}
∂z2Wˆ2
+
{ γ(P˜+
b
+ Wˆ4)(U˜
+
b
+ Wˆ1)
2
c2(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5) − (U˜+b + Wˆ1)2
cot θˆ(z)
rb + z1 +
N−z1
N
Wˆ6(z2)
− γP˜
+
b
(U˜+
b
)2
c2(ρ˜+
b
, S +
b
) − (U˜+
b
)2
cot θb(z2)
rb + z1
}
Wˆ2 +
γ(P˜+
b
+ Wˆ4)(U˜
+
b
+ Wˆ1)Wˆ2
c2(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5) − (U˜+b + Wˆ1)2
×(rb + z1 +
N − z1
N
Wˆ6(z2))
sin θˆ(z)
2z2
(
z1 − N
N − Wˆ6(z2)
Wˆ ′6(z2)∂z1(P˜
+
b + Wˆ4) + ∂z2Wˆ4
)
+
γ(P˜+
b
+ Wˆ4)
c2(P˜+
b
+ Wˆ4, S
+
b
+ Wˆ5) − (U˜+b + Wˆ1)2
(U˜+
b
+ Wˆ1)
2Wˆ2
2
+ Wˆ2
3
rb + z1 +
N−z1
N
Wˆ6(z2)
−e3(z1)(B−(rb + Wˆ6(z2), z2) − B−b ) − R5(Wˆ) − e5(z1)R13 − e6(z1)R12(Wˆ(0, z2),Φ− −Φ−b ).
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Here we should extend the functions f and P0 smoothly to a wider interval as we do in (3.8)
and (3.9), because the values rb + z1 +
N−z1
N
Wˆ6(M) and θˆ(N, z2) may exceeds the interval [rb, r2] and
[0, θ0 + ǫ f (r2)]. Since Wˆ ∈ Ξδ, F3(z1, 0) = 0 and ∂z2F4(z1, 0) = 0. To obtain the estimates of F3 and
F4, we should be careful about the singular terms involving sine and cotangent functions of θˆ(z) and
θb(z2). We first note that κ1z2 ≤ θˆ(z) ≤ κ2z2 for any z ∈ E+, where κi(i = 1, 2) depends only on the
background solutions. Since Wˆ2(z1, 0) = Wˆ3(z1, 0) = 0, it is easy to see that
3∑
j=2
‖Wˆ2j cot θˆ(z)‖
(1−α;Γw,z)
1,α;E+
≤ C‖Wˆ‖2Ξ. (3.11)
Also by (3.7) and (2.7), we have
cos θˆ(z) − cos θb(z2) =
1
(rb + z1)2ρ˜
+
b
(z1)U˜
+
b
(z1)
z2
−
∫ z2
b
2s
(rb + z1 +
N−z1
N
Wˆ6(z2))2
{
ρ(Wˆ4, Wˆ5)(U˜
+
b
+ Wˆ1)
}(
z1+(1− z1N )Wˆ6(z2)−Wˆ6(s)
N−Wˆ6(s) N, s
)ds,
(cot θˆ(z) − cot θb(z2))Wˆ2(z) =
(
cos θˆ(z) − cos θb(z2)
sin θb(z2)
+ cos θˆ(z)(
1
sin θˆ
− 1
sin θb(z2)
)
)
Wˆ2(z)
=
Wˆ2(z)
sin θb(z2)
(cos θˆ(z) − cos θb(z2)) +
cos θˆ(cos θˆ(z) + cos θb(z2))
sin θˆ(z) + sin θb(z2)
cos θˆ(z) − cos θb(z2)
sin θˆ(z) sin θb(z2)
Wˆ2(z),
where we use the simply identity
sin θˆ(z) − sin θb(z2) = −
(cos θˆ(z) + cos θb(z2))
sin θˆ(z) + sin θb(z2)
(cos θˆ(z) − cos θb(z2)).
Finally we derive that
4∑
j=3
‖Fi(Wˆ,∇Wˆ,Φ− −Φ−b )‖
(1−α;Γw,z)
1,α;E+
≤ C(ǫ + ‖Wˆ‖2Ξ). (3.12)
By (2.27), we should solve W1 as follows
W1 =
1
U˜+
b
{
B−(rb + Wˆ6(z2), z2) − B−b − [h(P˜+b +W4, S +b +W5) − h(P˜+b , S +b )]
}
(3.13)
− 1
2U˜+
b
[Wˆ21 + (U˜
+
b + Wˆ1)
2Wˆ22 + Wˆ
2
3 ].
As in [18], we set
λ1(z1) = exp
(
−
∫ z1
0
c2(ρ˜+
b
, S +
b
) + (U˜+
b
)2
(rb + z1)(c2(ρ˜
+
b
, S +
b
) − (U˜+
b
)2)
ds
)
,
λ2(z1) =
rb + z1
U˜+
b
(z1)
λ1(z1) > 0, λ3(z1) = a
rb + z1
U˜+
b
(z1)
(z1 − N)∂z1 P˜+b
N
λ1(z1) ≤ 0,
λ4(z1) = exp
( ∫ z1
0
e3(s)ds
)
> 0, λ5(z1) =
γP˜+
b
(U˜+
b
)2
κb(rb + z1)(c2(ρ˜
+
b
, S +
b
) − (U˜+
b
)2)
λ4(z1) > 0,
λ6(z1) =
(
e6(z1) + e2e4(z1)
)
λ4(z1).
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Then we rewrite (3.10) as
∂z1(λ1(z1)W2) +
sin θb(z2)
2z2
∂z2(λ2(z1)W4) + λ3(z1)W2(0, z2) = G1(z),
∂z1(λ4(z1)W4) − λ5(z1) sin θb(z2)2z2 (∂z2W2 +
2κbz2 cos θb(z2)
sin2 θb(z2)
W2)
+λ6(z1)
(
W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
= G2(z),
W4(0, z2) = e1a
(
W6(M)
a
−
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
+G3(z2),
W4(N, z2) = ǫG4(z2),
W2(z1, 0) = 0,
W2(z1,M) = ǫG5(z1),
(3.14)
where
G1(z) = λ1(z1)F3(Wˆ,∇Wˆ,Φ− −Φ−b ), G2(z) = λ4(z1)F4(Wˆ,∇Wˆ,Φ− −Φ−b ),
G3(z2) = e1R12(Wˆ(0, z2),Φ
− −Φ−b ) + R5(Wˆ(0, z2)), G4(z2) = P0(θˆ(N, z2)),
G5(z1) = (rb + z1 +
N − z1
N
Wˆ6(M)) f
′(rb + z1 +
N − z1
N
Wˆ6(M)).
The first equation can be rewritten as
∂z1
(
2z2
sin θb(z2)
λ1(z1)W2
)
+ ∂z2
{
λ2(z1)W4 + λ3(z1)
(
W6(M)
a
−
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
−
∫ M
z2
G1(z1, s)ds
}
= 0.
Let us introduce a potential function φ such that
∂z1φ = λ2(z1)W4 + λ3(z1)
(
W6(M)
a
−
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
−
∫ M
z2
G1(z1, s)ds,
∂z2φ = −λ1(z1) 2z2sin θb(z2)W2(z), φ(0,M) = 0.
(3.15)
This yields
W2(z) = − 1λ1(z1)
sin θb(z2)
2z2
∂z2φ,
W4(z) =
∂z1φ
λ2(z1)
− λ3(z1)λ2(z1)
(
W6(M)
a
−
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
+ 1λ2(z1)
∫ M
z2
G1(z1, s)ds
=
∂z1φ
λ2(z1)
− λ3(z1)λ2(z1)
(
W6(M)
a
− φ(0, z2)
)
+ 1λ2(z1)
∫ M
z2
G1(z1, s)ds.
(3.16)
Hence substituting (3.16) into (3.14) gives
∂z1
(
λ4(z1)
λ2(z1)
∂z1φ
)
−
{
aλ6(z1) +
d
dz1
(
λ4(z1)λ3(z1)
λ2(z1)
)}
(φ(0, z2) − W6(M)a )
)
+
λ5(z1)
λ1(z1)
(
sin θb(z2)
2z2
∂z2
(
sin θb(z2)
2z2
∂z2φ
)
+
κb cos θb(z2)
2z2
∂z2φ
)
= ∂z2
( ∫ z2
0
G2(z1, s)ds
)
− ∂z1
(
λ4(z1)
λ2(z1)
∫ M
z2
G1(z1, s)ds
)
,
∂z1φ(0, z2) + (aλ2(0)b1 + λ3(0))
(
φ(0, z2) − W6(M)a
)
= λ2(0)G3(z2) −
∫ M
z2
G1(0, s)ds,
∂z1φ(N, z2) = ǫλ2(N)P0(θˆ(N, z2)) −
∫ M
z2
G1(N, s)ds,
∂z2φ(z1, 0) = 0,
∂z2φ(z1,M) = − 2Msin θb(M)λ1(z1)ǫ(r0 + z1 +
N−z1
N
Wˆ6(M)) f
′(r0 + z1 +
N−z1
N
Wˆ6(M)).
(3.17)
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To simplify the notation, we define
a1(z1) =
λ4(z1)
λ2(z1)
, a2(z1) =
λ5(z1)
λ1(z1)
, a3(z1) =
{
aλ6(z1) +
d
dz1
(λ4(z1)λ3(z1)
λ2(z1)
)}
,
a4 = ab1λ2(0) + λ3(0), µ = −
W6(M)
a
, g1(z2) = λ2(0)G3(z2) −
∫ M
z2
G1(0, s)ds
f1(z) = −
λ4(z1)
λ2(z1)
∫ M
z2
G1(z1, s)ds, f2(z) =
∫ z2
0
G2(z1, s)ds,
g2(z2) = ǫλ2(N)P0(θˆ(N, z2)) −
∫ M
z2
G1(N, s)ds, g3(z1) = −
2M
sin θb(M)
λ1(z1)G5(z1),
d1(z2) =
sin θb(z2)
2z2
, d2(z2) =
κb cos θb(z2)
2z2
.
It follows from (3.12) that
2∑
i=1
‖ fi‖(−α;Γw,z)1,α;E+ +
2∑
i=1
‖gi‖(−α;{M})1,α;(0,M) ≤ C(ǫ + ‖Wˆ‖2Ξ). (3.18)
To deal with the singularity near z2 = 0, we use the cylindrical coordinate transformation
ζ1 = z1, ζ2 = z2 cos τ, ζ3 = z2 sin τ, τ ∈ [0, 2π].
and define
E1 = {(ζ1, ζ2, ζ3) : 0 < ζ1 < N, ζ22 + ζ23 ≤ M2}, Γw,ζ = [0,N] × {(ζ2, ζ3) : ζ22 + ζ23 = M2},
E2 = {(ζ2, ζ3) : ζ22 + ζ23 ≤ M2}, S = {(ζ2, ζ3) : ζ22 + ζ23 = M2},
ψ(ζ) = φ(ζ1,
√
ζ2
2
+ ζ2
3
),
By simple calculations, we have
∂z2φ(ζ1,
√
ζ2
2
+ ζ2
3
) =
ζ2∂ζ2ψ + ζ3∂ζ3ψ√
ζ2
2
+ ζ2
3
, (∂2ζ2 + ∂
2
ζ3
)ψ = ∂2z2φ +
1√
ζ2
2
+ ζ2
3
∂z2φ,
d1(z2)∂z2(d1(z2)∂z2φ) + d2(z2)∂z2φ = d
2
1(z2)∂
2
z2
φ + (d1(z2)d
′
1(z2) + d2(z2))∂z2φ
= d21(
√
ζ2
2
+ ζ2
3
)
{
(∂2ζ2 + ∂
2
ζ3
)ψ − ζ2∂ζ2 + ζ3∂ζ3
ζ2
2
+ ζ2
3
ψ
}
+ (d1(z2)d
′
1(z2) + d2(z2))
ζ2∂ζ2ψ + ζ3∂ζ3ψ√
ζ2
2
+ ζ2
3
= d1(
√
ζ2
2
+ ζ2
3
)
{
∂ζ2(d1(
√
ζ2
2
+ ζ2
3
)∂ζ2u) + ∂ζ3(d1(
√
ζ2
2
+ ζ2
3
)∂ζ3ψ)
}
+
(
d2(z2) −
d2
1
(z2)
z2
)ζ2∂ζ2u + ζ3∂ζ3ψ√
ζ2
2
+ ζ2
3
,
and
d2(z2) −
d2
1
(z2)
z2
=
κb cos θb(z2)
2z2
− sin
2 θb(z2)
4z3
2
= −κ
2
b
z2
4
.
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Then (3.17) can be rewritten as

∂ζ1(a1(ζ1)∂ζ1ψ) + a2(ζ1)d1(
√
ζ2
2
+ ζ2
3
)
[
∂ζ2(d1(
√
ζ2
2
+ ζ2
3
)∂ζ2ψ) + ∂ζ3(d1(
√
ζ2
2
+ ζ2
3
)∂ζ3ψ)
]
− κ
2
b
4
a2(ζ1)(ζ2∂ζ2ψ + ζ3∂ζ3ψ) + a3(ζ1)(ψ(0, ζ2, ζ3) + µ)
= ∂ζ1 f1(ζ1,
√
ζ2
2
+ ζ2
3
) +
3∑
i=2
∂ζi
(ζi f2(ζ1,
√
ζ2
2
+ ζ2
3
)√
ζ2
2
+ ζ2
3
)
−
f2(ζ1,
√
ζ2
2
+ ζ2
3
)√
ζ2
2
+ ζ2
3
,
∂ζ1ψ(0, ζ2, ζ3) + a4(ψ(0, ζ2, ζ3) + µ) = g1(
√
ζ2
2
+ ζ2
3
),
∂ζ1ψ(N, ζ2, ζ3) = g2(
√
ζ2
2
+ ζ2
3
),
(ζ2∂ζ2 + ζ3∂ζ3)ψ(ζ1, ζ2, ζ3) = Mg3(ζ1), on ζ
2
2
+ ζ2
3
= M2,
ψ(0, ζ2, ζ3) = 0, on ζ
2
2
+ ζ2
3
= M2.
(3.19)
Define Ψ(ζ) = ψ(ζ) + µ, then

∂ζ1(a1(ζ1)∂ζ1Ψ) + a2(ζ1)d1(
√
ζ2
2
+ ζ2
3
)
[
∂ζ2(d1(
√
ζ2
2
+ ζ2
3
)∂ζ2Ψ) + ∂ζ3(d1(
√
ζ2
2
+ ζ2
3
)∂ζ3Ψ)
]
− κ
2
b
4
a2(ζ1)(ζ2∂ζ2Ψ + ζ3∂ζ3Ψ) + a3(ζ1)Ψ(0, ζ2, ζ3)
= ∂ζ1 f1(ζ1,
√
ζ2
2
+ ζ2
3
) +
3∑
i=2
∂ζi
(ζi f2(ζ1,
√
ζ2
2
+ ζ2
3
)√
ζ2
2
+ ζ2
3
)
−
f2(ζ1,
√
ζ2
2
+ ζ2
3
)√
ζ2
2
+ ζ2
3
,
∂ζ1Ψ(0, ζ2, ζ3) + a4Ψ(0, ζ2, ζ3) = g1(
√
ζ2
2
+ ζ2
3
),
∂ζ1Ψ(N, ζ2, ζ3) = g2(
√
ζ2
2
+ ζ2
3
),
(ζ2∂ζ2 + ζ3∂ζ3)Ψ(ζ1, ζ2, ζ3) = Mg3(ζ1), on ζ
2
2
+ ζ2
3
= M2.
(3.20)
Proposition 3.1. For any ( f1, f2) ∈ C(−α;Γw,ζ )1,α;E1 and f2(x1, 0) = 0, g1, g2 ∈ C
(−α;S )
1,α;E2
, then (3.20) has a
unique solution Ψ(ζ) = Ψ(ζ1,
√
ζ2
2
+ ζ2
3
) ∈ C(−1−α;Γw,ζ )
2,α;E1
and satisfies the following estimate
‖Ψ‖(−1−α;Γw,ζ )
2,α;E1
≤ C

2∑
i=1
‖ fi‖(−α;Γw,ζ )1,α;E1 +
2∑
j=1
‖g j‖(−α;S )1,α;E2 + ‖g3‖1,α;[0,N]
 . (3.21)
Proof. We first note that the coefficients in the first equation of (3.20) are infinitely smooth near the
axis ζ2
2
+ ζ2
3
= 0, which is quite different from the elliptic system in Lemma 4.3 of [18]. So we do
not need to take much care of the regularity near the axis. This advantage essentially comes from our
new Lagrangian transformation. The system (3.20) has a variational structure similar to the one in the
proof of Lemma 4.3 in [18], one can obtain the existence and uniqueness of H1(E1) weak solution by
Lax-Milgram theorem and Fredholm alternative theorem as in [18]. To get the estimate (3.1), we first
move a3(ζ1)Ψ(0, ζ2, ζ3) to the right hand side, so by the trace theorem, the right hand side belongs
to L2(E1) and the interior estimates can be derived by a standard way. One can use Theorem 5.36
and Theorem 5.45 in [21] to obtain global L∞ bound and Cα norm estimates for Ψ with some Ho¨lder
exponent α ∈ (0, 1). Hence the nonlocal term a3(ζ1)Ψ(0, ζ2, ζ3) becomes Cα and (3.21) follows by
employing Theorem 4.6 in [21]. 
Now we start to prove Theorem 1.1.
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Proof of Theorem 1.1. Given any Wˆ ∈ Ξδ, we will construct a mapping T (Wˆ) =W by the following
two propositions.
Proposition 3.2. The probelm (3.14) has a unique solution (W2,W4,W6(M)) ∈ (H(−α;Γw,z)2,α;E+ )
2 × R
satisfying
‖W2‖(−α;Γw,z)2,α,E+ + ‖W4‖
(−α;Γw,z)
2,α,E+
+ |W6(M)| ≤ C(δ2 + ǫ) (3.22)
and
W2(z1, 0) = ∂
2
z2
W2(z1, 0) = 0, ∂z2W4(z1, 0) = 0. (3.23)
Proof. By Proposition 3.1 and the equivalence between ‖ · ‖(−α;Γw,z)
1,α;E+
and ‖ · ‖(−α;Γw,ζ )
1,α;E1
, the system (3.14)
has a unique solution (W2,W3,W6(M)) ∈ (C(−α;Γz,w)1,α;E+ )
2 × R such that
‖W2‖(−α;Γw,z)1,α,E+ + ‖W4‖
(−α;Γw,z)
1,α,E+
+ |W6(M)| ≤ C(
2∑
i=1
‖Gi‖(1−α;Γw,z)1,α;E+ + ‖G3‖
(−α;Γw,z)
1,α;E+
+ ǫ) (3.24)
≤ C(‖Wˆ‖2Ξδ + ǫ) ≤ C(δ2 + ǫ).
Also we have W2(z1, 0) = ∂z2W4(z1, 0) = 0.
Next we will estimate ‖(W2,W4)‖(−α;Γw,z)2,α;E+ . Rewrite the equation (3.14) as

∂z1(λ1(z1)W2) + ∂z2(λ2(z1)W4) = G5(z),
∂z1(λ4(z1)W4) − λ5(z1) sin θb(z2)2z2 (∂z2W2 +
2κbz2 cos θb(z2)
sin2 θb(z2)
W2) = G6(z),
W4(0, z2) = G8(z2),
W4(N, z2) = ǫG4(z2),
W2(z1, 0) = 0,
W2(z1,M) = ǫG5(z1),
(3.25)
where
G5(z) = G1(z) − λ3(z1)W2(0, z2), G6(z) = G2(z) + λ6(z1)
(
W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
,
G7(z) = b1a
(
W6(M)
a
−
∫ M
z2
2s
sin θb(s)
W2(0, s)ds
)
+G3(z2).
Then W3 satisfies
∂z1
(
2z2
sin θb(z2)
λ1(z1)
λ5(z1)
∂z1(λ4(z1)W4)
)
+ λ2(z1)
(
∂2z2W4 +
2κbz2 cos θb(z2)
sin2 θb(z2)
∂z2W4
)
= ∂z1
(
2z2
sin θb(z2)
λ1(z1)
λ5(z1)
G6(z)
)
+ ∂z2G5(z) +
2κbz2 cos θb(z2)
sin2 θb(z2)
G5(z),
W4(0, z2) = G7(z2),
W4(N, z2) = ǫG4(z2),
∂z2W4(z1, 0) = 0.
(3.26)
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Since we only need to estimate ‖W4‖(−α;Γw,z)2,α;E+ , the loss of the boundary condition forW4 on the wall
Γw,z does not produce any obstacles. Similar to the proof of Proposition 3.1, we obtain
‖W4‖(−α;Γw,z)2,α;E+ ≤ C
( 6∑
i=5
‖Gi‖(1−α;Γz,w)1,α;E+ + ‖G7‖
(−α;{M})
1,α;(0,M) + ǫ
)
(3.27)
≤ C(‖Wˆ‖2Ξδ + ǫ) ≤ C(δ
2 + ǫ).
By the first equation in (3.25), one can derive the estimate of ‖(∂2z1W2, ∂2z1z2W2)‖
(2−α;Γw,z)
α;E+
. To estimate
∂2z2W2, we use the identity
W2(z) =
2
λ5(z1) sin θb(z2)
∫ z2
0
s(∂z1(λ4(z1)W4)(z1, s) −G6(z1, s))ds.
Similar to [18, Lemma B.3], we conclude that W2 also satisfies (3.22) and ∂
2
z2
W2(z1, 0) = 0. 
Proposition 3.3. With (W2,W4) ∈
(
H
(−α;Γw,z)
2,α;E+
)2
obtained in Proposition 3.2, W6,W5,W3,W1 are
uniquely determined by (3.3), (3.4), (3.6) and (3.13) and the following estimates hold
∑
j=1,3,5
‖W j|(−α;Γw,z)2,α;E+ + ‖W6‖
(−1−α;{M})
3,α,[0,M)
≤ C(ǫ +
4∑
j=3
‖Wi‖(−α;Γw,z)2,α;E+ + ‖Wˆ‖
2
Ξδ
) (3.28)
≤ C(δ2 + ǫ).
Proof. It follows from (3.3) that
W6(z2) = W6(M) − a
∫ M
z2
2s
sin θb(s)
W2(0, s)ds (3.29)
−
∫ M
z2
R11(Wˆ(0, s),Φ
−(rb + Wˆ6(s), s) −Φ−b (rb + Wˆ6(s)))ds.
Then W ′
6
(0) = 0 and the following estimate holds
‖W6‖(−1−α;{M})3,α,[0,M) ≤ C(|W6(M)| + ‖W2‖
(−α;Γw,z)
2,α,E+
+ ‖R11(Wˆ,Φ− −Φ−b )‖
(−α;Γw,z)
2,α,E+
) ≤ C(δ2 + ǫ).(3.30)
By (3.4), we derive
W5(z) = W5(0, z2) = b2W6(z2) + R4(Wˆ,Φ
− −Φ−b ). (3.31)
Then we infer that ∂z2W5(z1, 0) = 0 and
‖W5‖(−α;Γw,z)2,α,E+ ≤ b2‖W6‖
(−1−α;{M})
3,α,[0,M) + ‖R4‖
(−α;Γw,z)
2,α,E+
≤ C(δ2 + ǫ). (3.32)
By (3.6), we have
W3(z) =
rb + Wˆ6(z2)
rb + z1 +
N−z1
N
Wˆ6(z2)
sin θˆ(0, z2)
sin θˆ(z1, z2)
U−3 (rb + Wˆ6(z2), z2), (3.33)
and
‖W3‖(−α;Γw,z)2,α;E+ ≤ C‖Wˆ‖Ξδ‖U
−
3 ‖C2,α(Ω) ≤ Cǫδ. (3.34)
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Finally, one can conclude from (3.13) that
W1 =
1
U˜+
b
{B−(rb + Wˆ6(z2), z2) − B−b − [h(P˜+b +W4, S +b +W5) − h(P˜+b , S +b )]} (3.35)
− 1
2U˜+
b
[Wˆ21 + (U˜
+
b + Wˆ1)
2Wˆ22 + Wˆ
2
3 ].
Hence the following estimate holds
‖W1‖(−α;Γw,z)2,α;E+ ≤ C(ǫ +
4∑
j=3
‖Wi‖(−α;Γw,z)2,α;E+ + ‖Wˆ‖
2
Ξδ
) ≤ C(ǫ + δ2). (3.36)

Combining all the above estimates, we derive that
‖W‖Ξδ ≤ C∗(ǫ + δ2). (3.37)
Let δ = 2C∗ǫ and choose ǫ0 small enough such that 2C2∗ǫ0 ≤ 12 then for any 0 < ǫ ≤ ǫ0 we have
C∗(ǫ + δ2) =
δ
2
+ 2C2∗ǫδ ≤
δ
2
+
δ
2
= δ.
It remains to show that T is a contraction mapping. For any two points Wˆi, i = 1, 2 in Ξδ, let
Wi = T Wˆi, i = 1, 2 and set
Yˆ = Wˆ1 − Wˆ2, Y =W1 −W2.
As before, we will estimate Y step by step.
We first estimate of Y2, Y4 and Y6(M). It follows from (3.10) that Y2 and Y4 satisfies
∂z1(λ1(z1)Y2) +
sin θb(z2)
2z2
∂z2(λ2(z2)Y4) + λ3Y2(0, z2) = G
1
1
(z) −G2
1
(z),
∂z1(λ4(z1)Y4) − λ5(z1) sin θb(z2)2z2 (∂z2Y2 +
2κbz2 cos θb(z2)
sin2 θb(z2)
Y2)
−λ6(z1)
(
Y6(M) − a
∫ M
z2
2s
sin θb(s)
Y2(0, s)ds
)
= G1
2
(z) −G2
2
(z),
Y4(0, z2) = b1a
(
Y6(M)
a
−
∫ M
z2
2s
sin θb(s)
Y2(0, s)ds
)
+G1
3
(z2) −G23(z2),
Y4(N, z2) = G
1
4
(z2) −G24(z2),
Y2(z1, 0) = 0,
Y2(z1,M) = G
1
5
(z1) −G25(z1).
(3.38)
Then we obtain the estimate
∑
i=2,4
‖Yi‖(−α;Γw,z)2,α;E+ + |Y6(M)| ≤ C
2∑
i=1
‖G1i −G2i ‖
(1−α;Γw,z)
1,α;E+
+ ‖G13 −G23‖(−α;{M})1,α;[0,M) (3.39)
+ǫ‖P0(θˆ1) − P0(θˆ2)‖(−α;{M})1,α;E+ +Cǫ|Yˆ(M)|
≤ Cǫ(
5∑
i=1
‖Yˆi‖(−α;Γw,z)2,α;E+ + ‖Yˆ6‖
(−1−α;{M})
3,α;[0,M)
).
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Then we turn to the estimate of Y6. By (3.29), we have
Y6(z2) = Y6(M) −
∫ M
z2
2s
sin θb(s)
Y2(0, s)ds + R
1
12 − R212. (3.40)
Then
‖Y6‖(−1−α;{M})3,α;[0,M) ≤ |Y6(M)| +C‖Y2‖
(−α;Γw,z)
2,α;E+
+ ‖R111 − R211‖
(−α;Γw,z)
2,α;E+
(3.41)
≤ Cǫ‖Yˆ‖Ξδ .
Using (3.31), we derive
Y5(z) = b2Y6(z2) + R
1
4 − R24. (3.42)
Then we obtain
‖Y5‖(−α;Γw,z)2,α;E+ ≤ C‖Y6‖
(−1−α;{M})
3,α;[0,M) + ‖R14 − R24‖
(−α;Γw,z)
2,α;E+
≤ Cǫ‖Yˆ‖Ξδ . (3.43)
It follows from (3.33) that
‖Y3‖(−α;Γw,z)2,α;E+ ≤ Cǫ‖Yˆ‖Ξδ . (3.44)
Finally, (3.35) implies that
‖Y1‖(−α;Γw,z)2,α;E+ ≤ C(ǫ‖Yˆ6‖
(−1−α;{M})
3,α;(0,M)
+
4∑
j=3
‖Y j‖(−α;Γw,z)2,α;E+ +Cǫ‖Yˆ‖Ξ) (3.45)
≤ Cǫ‖Yˆ‖Ξδ .
Combining all the above estimates, we conclude that
‖Y‖Ξδ ≤ C♯ǫ‖Yˆ‖Ξδ . (3.46)
Choosing ǫ0 ≤ min{ 14C2∗ ,
1
2C♯
}, then T is a contraction mapping and the fixed point of T in Ξδ is the
solution we are looking for. The Lagrange transformation is invertible, hence we obtain a solution
(U+
1
,U+
2
,U+
3
, P+, S +) and ξ satisfying the properties listed in (1.22) and (1.23). To finish the proof
of Theorem 1.1, we still need to take care of the uniqueness, because in the existence proof we use
the extension (3.8) which is not unique. Suppose there are two solutions (U+
1, j,U
+
2, j,U
+
3, j, P
+
j
, S +
j
) and
ξ j satisfying the properties (1.22) and (1.23), we can perform the corresponding Lagrange transfor-
mation and decompose the Euler system as above, in this case we do not need to use the extension
(3.8) any more because we already get the solutions. Same as proving the operator T is a contraction
mapping, we can conclude that these two solutions are indeed the same.

4 Remarks on higher regularity of the transonic shock solution under
the perturbation of the supersonic incoming flows
In this section, we show that the regularity of the shock front and subsonic solutions can be
improved if we do not perturb the nozzle wall and require the supersonic incoming flow satisfies
some compatibility conditions.
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Suppose the supersonic incoming flow at the inlet r = r1 is given by
Φ
− = (U−1 ,U
−
2 ,U
−
3 , P
−, S −) = Φ−0 + ǫΨ(θ), (4.1)
where
Ψ(θ) = (U−1,p,U
−
2,p,U
−
3,p, P
−
p , S
−
p)(θ) ∈ (C2,α([0, θ0]))5 (4.2)
and satisfying the following compatibility conditions:

U−
2,p(0) =
d2
dθ2
U−
2,p(0) = U
−
3,p(0) =
d
dθP
−
p(0) =
d
dθU
−
3,p(0) = 0,
U−
2,p(θ0) =
d2
dθ2
U−
2,p(θ0) = 0,
d
dθP
−
p(θ0) = (U
−
3,p(θ0))
2 cot θ0,
(4.3)
where Φ−
0
= (U−
0
(x), 0, 0, P−
0
(x), S −
0
).
The end pressure condition p(r2, θ) = Pe+ǫP0(θ) with P0 ∈ C2,α([0, θ0]) is also required to satisfy
the compatibility condition
P′0(0) = P
′
0(θ0) = 0. (4.4)
On the nozzle walls θ = θ0, we prescribe the slip boundary condition
U2(r, θ0) = 0, r ∈ [r1, r2]. (4.5)
In the following lemma, we show that the compatibility conditions (4.3) are propagated along the
straight wall.
Lemma 4.1. (Existence and Uniqueness for supersonic flows.) If (4.2)-(4.3) hold, the problem (1.19)
and (4.1)-(4.5) has a unique smooth solution
Φ− = (U−1 ,U
−
2 ,U
−
3 , P
−, S −)(r, θ) ∈ C2,α(Ω¯).
This solution satisfies the compatibility conditions:
U−2 (r, 0) = U
−
3 (r, 0) = 0,
∂
∂θ
U−3 (r, 0) =
∂
∂θ
P−(r, 0) = 0, r ∈ [r1, r2], (4.6)
and the estimates
‖(U−1 ,U−2 ,U−3 , P−, S −) − (U−0 , 0, 0, Pˆ−0 , Sˆ −0 )‖C2,α(Ω) ≤ C0ǫ, (4.7)
where the positive constant C0 depends only on α and the supersonic incoming flow.
Furthermore, if
d
dθ
(U−1,p,U
−
3,p, S
−
p)(0) = 0, U
−
3,p(θ0) = 0,
d
dθ
(U−1,p,U
−
3,p, S
−
p)(θ0) = 0, (4.8)
then we have
∂
∂θ
(U−1 ,U
−
3 , P
−, S −)(r, 0) = 0,
∂2
∂θ2
U−2 (r, 0) = 0,
∂
∂θ
(U−1 ,U
−
3 , P
−, S −)(r, θ0) = 0. (4.9)
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Proof. Since U2(r, θ0) ≡ 0, then by the third, fourth and fifth equation of (1.19) we have
∂θP(r, θ0) − (ρU23)(r, θ0) cot θ0 = 0, (r∂rU3 + U3)(r, θ0) = 0, ∂rS (r, θ0) = 0. (4.10)
Differentiating the fifth equation with respect to θ, and evaluating at (r, θ0), then
ρU1∂r(∂θS )(r, θ0) +
ρ
r
∂θU2∂θS (r, θ0) = 0.
If ∂θS (r1, θ0) = 0, then ∂θS (r, θ0) ≡ 0.
If we assume that U3(r1, θ0) ≡ 0, then it follows from (4.10) that U3(r, θ0) ≡ 0. Using (4.10), we
conclude that ∂θP(r, θ0) = 0 and ∂rU3(r, θ0) ≡ 0. Applying the derivative ∂θ to the second equation
and evaluating at (r, θ0), we obtain
ρU1∂r(∂θU1)(r, θ0) + ρ∂rU1∂θU1(r, θ0) +
ρ
r
∂θU2∂θU1(r, θ0) = 0.
So if ∂θU1(r0, θ0) = 0, then ∂θU1(r, θ0) ≡ 0. The compatibility conditions at θ = 0 can be derived
similarly except the second derivative ∂2θU2(r, 0) = 0. This can be obtained by applying the derivative
∂θ to the first equation and evaluating at (r, 0).

In the next lemma, we show that what kinds of compatibility conditions should be true at the
intersection points of the shock front with the nozzle wall if the incoming supersonic flow is given by
the above lemma.
Lemma 4.2. If the system (1.19)-(1.21) with (4.5) and (4.8), has a solution
(U±1 (r, θ),U
±
2 (r, θ),U
±
3 (r, θ), P
±(r, θ), S ±(r, θ)) ∈ C2,α(Ω±)
and ξ(θ) ∈ C3,α([0, θ0]), then the following compatibility conditions at the corners hold

∂θ(U
+
1
,U+
3
, P+, S +)(r, θ0) ≡ 0, ∂θ(U+1 ,U+3 , P+, S +)(r, 0) ≡ 0,
U2(r, 0)
+ = U+
3
(r, 0) = U+
2
(r, θ0) = U
+
3
(r, θ0) = 0, ∂
2
θU
+
2
(r, 0) = ∂2θU
+
2
(r, θ0) = 0,
ξ′(0) = ξ′(θ0) = 0, ξ(3)(0) = 0.
(4.11)
Proof. It follows from the boundary condition (4.5), the jumping condition (1.21) that
U+2 (r, 0) = U
+
2 (r, θ0) = 0, ξ
′(0) = ξ′(θ0) = 0.
By the fourth equation in (1.21), we deduce that U+
3
(ξ(θ0), θ0) = U
−
3
(ξ(θ0), θ0) = 0. Also by the fourth
equation in (1.20), we haveU+
3
(r, θ0) = 0 for any r ∈ [ξ(θ0), r2], which further implies ∂∂θP+(r, θ0) ≡ 0.
Taking ∂θ to the first, the second, the fourth, and the fifth equations in (1.21) along the shock front
and evaluating at the (ξ(θ0), θ0), we obtain

∂θ(ρ
+U+
1
) = ∂θ(ρ
−U−
1
),
∂θ(ρ
+(U+
1
)2 + P+) = ∂θ(ρ
−(U−
1
)2 + P−),
∂θU
+
3
= ∂θU
−
3
,
∂θ
(
(e+ +
|U+ |2
2
+ P
+
ρ+ )
)
= ∂θ
(
(e− + |U
− |2
2
+ P
−
ρ− )
)
.
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By Lemma 4.1, one has ∂θ(U
−
1
,U−
3
, P−, S −)(r, θ0) = 0. Hence we obtain ∂θU+3 (ξ(θ0), θ0) = 0 and

∂θ(ρ
+U+
1
) = 0,
ρU+
1
∂θU
+
1
+ ∂θP
+ = 0,
∂θ((e
+ +
|U+ |2
2
+ P
+
ρ+ )) = 0.
Hence we derive that
∂θU
+
1 (ξ(θ0), θ0) = ∂θS
+(ξ(θ0), θ0) == ∂θρ
+(ξ(θ0), θ0) = 0. (4.12)
Differentiating the second and the fifth equation in (1.21) with respect to θ, and then evaluating at
θ0, we find that ∂θU
+
1
(r, θ0) and ∂θS
+(r, θ0) satisfies

U1∂r(∂θU
+
1
) + (∂rU
+
1
+ 1
r
∂θU
+
2
)∂θU
+
1
+
U+
1
∂rU
+
1
∂S ρ
ρ ∂θS
+ = 0, on θ = θ0,
U1∂r(∂θS
+) + 1
r
∂θU
+
2
∂θS
+ + ∂rS
+∂θU
+
1
= 0, on θ = θ0,
∂θU
+
1
(ξ(θ0), θ0) = ∂θS
+(ξ(θ0), θ0) = 0.
This, together with (4.12) implies ∂θU
+
1
(r, θ0) = ∂θS
+(r, θ0) = ∂θρ
+(r, θ0) ≡ 0. The equation for U+3
yields that on θ = θ0
U
+
1
∂r(∂θU
+
3
) +
U+
1
r
∂θU
+
3
+
∂θU
+
2
r
∂θU
+
3
= 0,
∂θU
+
3
(ξ(θ0), θ0) = 0.
Hence ∂θU
+
3
(r, θ0) ≡ 0.
In addition, differentiating the first equation of (1.19) with respect to θ, one can get
∂2θU
+
2 (r, 0) = 0.
And taking ∂θ on the third equation of (1.21) along the shock front twice yields
ξ(3)(0) = 0.
We have finished the proof of Lemma 4.2. 
With the help of Lemma 4.1 and 4.2, we prove the following theorem.
Theorem 4.3. Suppose the incoming supersonic flow satisfies (4.1)-(4.3) and (4.8), then the problem
(1.19), (1.21), (1.13), (4.4) with (1.18) has a unique solution
(U±1 (r, θ),U
±
2 (r, θ),U
±
3 (r, θ), P
±(r, θ), S ±(r, θ), ξ(θ))
satisfying the following properties:
(i) ξ(θ) ∈ C3,α([0, θ0]) and
‖ξ(θ) − r0‖C3,α([0,θ0]) ≤ C0ǫ, (4.13)
where C0 is a positive generic constant depending only on the supersonic incoming flow and
background solutions.
29
(ii) (U+
1
,U+
2
,U+
3
, P+, S +)(r, θ) ∈ C2,α(Ω+) and
‖(U+1 ,U+2 ,U+3 , P+, S +)(r, θ) − (Uˆ+0 (r), 0, 0, Pˆ+0 (r), S +0 )‖C2,α(Ω+) ≤ C0ǫ, (4.14)
where Ω+ denotes the subsonic region
Ω+ = {(r, θ) : ξ(θ) < r < r2, 0 < θ < θ0}.
Note that in this case, ̟ and P satisfy

∂θ̟ +̟ cot θ − r
(
1
ρU2
1
− 1
ρc2(ρ,S )
)
∂rP +
̟
ρc2(ρ,S )
∂θP + (̟
2 + 2) +
U2
3
U2
1
= 0,
∂r̟ − ̟r − ̟
2
r
cot θ +
(
1
ρU2
1
− ̟2
ρc2(ρ,S )
)
1
r
∂θP − ̟ρc2(ρ,S )∂rP −
U2
3
rU2
1
cot θ = 0.
(4.15)
Comparing with the equations in [18], the additional terms are
U2
3
U2
1
and
U2
3
rU2
1
cot θ, both of which can be
regarded as error terms and do not cause any trouble. Moreover, U3 satisfies

U1∂r(rU3 sin θ) +
U2
r
∂θ(rU3 sin θ) = 0,
U3(ξ(θ), θ) = U
−
3
(ξ(θ), θ).
(4.16)
The equation (4.16) can be uniquely solved by integrating along the trajectory. For the treatment of
the C2,α(Ω+) near the corner, one may use the standard even extension (see for example [25, Lemma
A] with a simple modification). The detailed proof of Theorem 4.3 is very similar to the one in [18],
so we omit it here.
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